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Intersection Types
M,N € UntypedTerm == z | \e.M | M N

o,T€ItTy == a | oc—=7T | oAT

(A) E-M:0;, EFM:T
' E-M:oNT

E"M:T1/\T2
E"M:Ti

(Ae) for ¢ € {1, 2}



Explicit Types: ACL

Virtual tuples and projections:

M,N == ... | AAM,N)| oM | nM | ...

E+-M:0;, EFN:T

AY if | M|=|N
(i) EFAM,N):0AT M| = [N
E"MZT1/\7'2 .

f 1.2
(Ae) ErafM:T ori € {1,2}
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Example: A Corresponding A\*™-term

(Az.z z) (Ay.y)
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where r=a—waoaando=7—>171

Example: A Corresponding A\B-term

(Az.z z) (Ay.y)
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Nested Branching Types

Consider A°™“-term of this shape:

A
/
A Ar™3
/7 N\ |
PV AR PV AR ™
I I
x™ x™
7

In AB, the variable z is annotated
by this branching type:

{’i={k=7’1,l=7’2},j=7'3}

This type may be viewed as a tree:

i/ N\
VAN

Notational Conventions

We assume that Z is some fixed set of labels.

We use I to range over non-empty, finite subsets of Z.

We use i, j, k, I to range over elements of 7.

We use {i = v;}! to denote the non-empty, finite function

{(i,v;)|i€}.



Kinds
Typing judgments:

A EF-M:7atk

/ \ Kinds (or branching shapes):

k€Kind == x| {i=r}!
/
A Ax™
)\a:“/ \)\:v72 xlrs K provides a “duplication environ-
| | ment” for M.
™ x™ , .. .
Az.z’s duplication environment:
{i:{k:*’l:*}aj:*}
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Type Selection Parameters

P € IndParameter = * | join{i = P;}!
P € Parameter == P | {i=P}!

Example:
{l :JOIH{] :_]Oln{k = x*, ] = *}’ 7 = *}, 7 = {] = x*, k = *}}

Its tree representation:

I, 1
7N
join .

i/ Ni i/ \k
Join * * *
k/ N\
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Branching Types

o,r€Type = a | o—71 | {i=7n} | VPT

Type equivalence:
{7, = O'i}[ — {Z = Ti}I - {Z =0; —~ Ti}I
V{ii=PY {i=n} > {i=VP.n}!
V.7 = T

>~ : reflexive and transtitive closure of >

: reflexive, transitive and symmetric closure of >

The type reduction rules “bring a type’s branching shape to the

surface”.
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Branching Types (continued)
Proposition. Type reduction is confluent and terminating.

Proposition. If (E+ M : 7 at k) and 7 is in normal form,
then 7’s outer structure matches .
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Type Selectors

A € IndArgument
A € Argument

* | i, A
A {i=A

Example:
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Type Selection

select' : Type x Argument — Type (partial function)

If type argument is normal:

select'(7,%) = 7, if 7 is individual
select' (V(join{i = P;}1).{i = 7;}1, (j, A)) = select'(VP;.7;, A), if (jel)
select'({i = 7;}, {i = A}Y) = {i=select'(r;, 4;)}}
If 7 not normal:
select' (1, A) = select'(nf(7), A)
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M,N € Term == APM | M[A] | M@ M | M N | z"

Terms and Typing Rules

Conversion rule:

Standard rules:

(ax)

(N) EFFM:T1atk

E-M:7 atk

fo]ep— if (E£:k)and (7~ E(z))

Elx—o|FM:1atk
ErXxoM:0—T1atk

E-M:0—71atk; FEFN:oatk

E-MN:7atk
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Terms and Typing Rules (cont.)

V-rules:

(Ve)

(Vi)

EFM:7atk .
if (select! (1, A) = 7/
EFM[A:7 atr (select'(r, A) = ')

expand(E,P)F M : 7 at [P]

E+AP.M :VP.1 at | P|
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Outer Kinds of Parameters

|-] : Parameter — Kind

+] ==*,  loin{i=P}] =%  |{i=R}]={i=P]}

Example:
L, 1 :
/ \ — L/ \i
Join . * .
i/ \i i/ \k i/ \k
Jjoin * * * * *
k/ \J
* *
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Inner Kinds of Parameters

[-] : Parameter — Kind

[«] =%, J[join{i=P}] = {i=[P)}, [{i=P}={i=[P]}

Example:
Lt L, 1
join/ \ = / \
i/ Ni i/ \k VANEEVAN.
Join * * * . * * *
k/ N\ k/ N\
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Type Expansion

expand : Type x Parameter — Type (partial function)

expand(7, %) = T, if normal(7)
expand(7,join{i = P;}!) = {i=expand(r,P;)}!, if normal(7)
expand({i = 7;}{, {i = P;}!) = {i=expand(m;, P;)}, if normal({i = 7;}})
expand(7, P) = expand(nf(7),P), if =normal(7)

Second clause duplicates 7.

expand(7, P) has branching shape |P].
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Term Reduction

Substitution:

(AP.M)[z:=N] = AP. (M[z:= expand(N, P)])

Reduction rules:

B (A™M)N) — (M[z:= N])
(Ba) (AP.M)[A] — AP’ ((select®(M, A%))[A?]),
if match(P, A) = (P’, A%, A?) and neither P nor A is trivial
(%) (AP.M) — M, ifP is trivial
(%4) (M[A]) — M, if Ais trivial
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Term Reduction (cont.)

Theorem (Subject Reduction).
If (M —> N)and (E-M : 7 at k), then (E+ N : 7 at k).

Type erasure: |- |: Term — UntypedTerm

Theorem (Soundness of Reduction).
If M — N, then |M| —* |N|.

Theorem (Completeness of Reduction).
If M is well-typed and |M| — |N|, then (M —* N).
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